Entangling optical and microwave cavity modes by means of a nanomechanical 
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We propose a scheme able to generate stationary continuous variable entanglement between an op- 
tical and a microwave cavity mode by means of their common interaction with a micro-mechanical 
resonator. We show that when both cavities are intensely driven one can generate bipartite en- 
tanglement between any pair of the tripartite system, and that, due to entanglement sharing, 
optical-microwave entanglement is efficiently generated at the expense of microwave-mechanical 
and opto-mechanical entanglement. 
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I. INTRODUCTION 



Micro- and nano-mechanical resonators can be effi- 
ciently coupled with a large number of different devices 
and therefore represent a key tool for the realization of 
quantum interfaces, able to store and redistribute quan- 
tum information. Very popular examples are electrome- 
chanical systems in which a mechanical resonator (MR) 
can be coupled either capacitively or inductively with a 
an electric circuit [IHSli or optomechanical systems in 
which either radiation pressure or the gradient force al- 
lows strong coupling with an optical cavity mode ^E]. 
More recently various schemes have been proposed in or- 
der to couple a MR either with single atoms [7] or with 
atomic ensembles jBHllj. A quantum interface must be 
able to transfer with high fidelity quantum state between 
different degrees of freedom and this can be implemented 
either via a quantum transfer protocol or exploiting en- 
tanglement. A large number of schemes have been re- 
cently proposed for entangling hybrid systems involving 
a MR. One could entangle a nanomechanical oscillator 
with a Cooper-pair box |12| , or may entangle two charge 
qubits [13' or two Josephson junctions |14| via nanome- 
chanical Alternatively, schemes for entangling a super- 
conducting coplanar waveguide field with a nanomechan- 
ical resonator, either via a Cooper pair box within the 
waveguide [TB], or via direct capacitive coupling [T^ . 
have been proposed. 

Motivated by the above-mentioned studies, we show 
that a MR can be employed to couple efficiently mi- 
crowave and optical fields, which simultaneously interact 
with it. In particular we show that stationary, i.e., long- 
lived, microwave-optical entanglement can be generated 
in such a hybrid tripartite device. This mechanical trans- 
duction at the quantum level would be extremely useful 
in quantum information networks because light modes 
are unaffected by thermal noise and easily connect dis- 
tant nodes of the network, while microwave cavities in 



each nodes can be efficiently coupled with molecular and 
solid-state qubits pTllTg] . 

The considered hybrid system was also recently sug- 
gested in Ref. [ISJ and could be based on a lumped- 
element superconducting circuit with a free standing 
drum- head capacitor analogous to that of Ref. [20]. In 
fact, the drum-head capacitor could be optically coated 
and form one micro-mirror of a Fabry-Perot optical cav- 
ity. In this way the vibrating drum-head is at the 
same time capacitively coupled with the microwave cav- 
ity mode and coupled via radiation pressure with the 
optical cavity mode. 

The paper is organized as follows. In Sec. II we 
describe the proposed system and derive the quantum 
Langevin equations (QLE). In Sec. Ill, the linearization 
of the quantum Langevin equations around the semiclas- 
sical steady state is discussed. In Sec. IV we study the 
steady state of the system and quantify the entanglement 
by using the logarithmic negativity. Our conclusions are 
summarised in Sec. V. 



II. SYSTEM DYNAMICS 

The proposed scheme is shown in Fig. 1. We assume 
a MR which on the one side is capacitively coupled to 
the field of a superconducting microwave cavity (MC) of 
resonant frequency uj^ and, on the other side, coupled 
to a driven optical cavity (OC) with resonant frequency 
LOc- Such a system might be possible using the lumped- 
element circuit superconducting circuits with free stand- 
ing drum-head capacitors recently developed by Teufel 
et al. pOl. In fact, by adding an optical coating, the 
drum-head capacitor could also play the role of the mi- 
cromirror of a Fabry-Perot optical cavity formed with a 
second standard input mirror. The microwave and opti- 
cal cavities are driven at the frequencies luow — '^w — ^t)w 
and ujQc = Wc — Aqc, respectively. The Hamiltonian of the 
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FIG. 1. Schematic description of the device under study: a 
lumped-element microwave cavity with a free standing drum- 
head capacitor is coupled also to an optical cavity formed by 
an input mirror and the optically coated drum-head capacitor. 



coupled system reads [121 [H] 
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where {x,px) are the canonical position and momentum 
of a MR with frequency uJm, {^,Q) are the canonical 
coordinates for the MC, describing, the flux through an 
equivalent inductor L and the charge on an equivalent ca- 
pacitor C, respectively, {a,a^) show the annihilation and 
creation operators of the OC mode([a, a^^] = 1), Ec = 
y'2PcKc/fi'^Qc is related to input driving laser, where Pc 
is the power of the input laser and Kc describes the damp- 
ing rate of the optical cavity. Gqc = (wc/'C) yjhjvfvxira 
gives the optomechanical coupling rate, with to the ef- 
fective mass of mechanical mode, and £ the length of the 
optical Fabry-Perot cavity, while the coherent driving of 
the MC with damping rate k^ is given by electric po- 
tential e(t) = -iy/2hLJyjLE^{e''^°^'^ - e"*""™*). The MR 
is coupled to the microwave cavity because the capacity 
of the latter is a function of the resonator displacement, 
Co(x). We expand this function around the equilibrium 
position of the resonator corresponding to a separation d 
between the plates of the capacitor, with corresponding 
bare capacitance Co, Cq{x) = Co[l + x{t)/d]. Expanding 
the capacitive energy as a Taylor series, we find to first 
order, 
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where Cs = C + Cq and /i = Cq/Ce. The Hamiltonian of 
Eq. ([I]) can be rewritten in the terms of the raising and 
lowering operators of the MC field b,b^{[b,b^] = 1) and 



the dimensionless position and momentum operators of 
the MR, q, p {[q;P] = i), as 
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It is then convenient to adopt the interaction picture with 
respect to Hq = hojowb^b + huoca^a, and neglect fast 
oscillating terms at ±2ujq^,±2ujqc^ so that the system 
Hamiltonian becomes 

H = hAoyjb^b + TiAocfl^a + ^(p^ 



- hGowqb^b 



OwQO 

—hGocQa^ a — ihE^{b — fe' ) + ihEc{a — a). (7) 

However the dynamics of the three modes is also affected 
by damping and noise processes, due to the fact that 
each of them interacts with its own environment. We can 
describe them adopting a QLE treatment in which the 
Heisenberg equations for the system operators associated 
with Eq. (It]) are supplemented with damping and noise 
terms. The resulting nonlinear QLEs are given by 

q = uj„ip, (8) 

p ^ -uj„iq - j.,np + Goc.a'a + Gowb'^b + ^, (9) 

a = -{kc + «Aoc)a + iGocqa + Ec + \/2K^ai„, (10) 

b = -{kw + iAow)b + iGou,qb + E^ + \j2Kjam-, (H) 

where 7m is the mechanical damping rate and ^(i) is 
the quantum Brownian noise acting on the MR, with 
correlation function[22l [23] 
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where ks is the Boltzmann constant and T is the tem- 
perature of the reservoir of the mechanical resonator. We 
have also introduced the optical and microwave input 
noises, respectively given by ain{t) and bin(t), obeying 
the following correlation functions [24] 

{a^n{t)al{t')) = [N{Uc) + l]6{t - t'), (13) 

{aUt)aUt'))=N{^c)5{t-t'), (14) 

{bUt)bW)) = [N{u^) + l]5{t-t'), (15) 

{bUt)hn{t'))=N{^^)5{t-t'), (16) 

where Niujc) — [exp{huJc/kBT) — 1]^'^ and A^(w^) = 
[exp{hLL>^/kBT) — 1]~^ are the equilibrium mean ther- 
mal photon number of the optical and microwave field. 



respectively. One can safely assume N{ujc) « since 
huJc/kBT ^ 1 at optical frequencies, while thermal mi- 
crowave photons cannot be neglected in general, even at 
very low temperatures. 



III. LINEARIZATION OF QLES 

Our aim is to study the conditions under which one can 
efficiently correlate and entangle optical and microwave 
fields by means of the common interaction with a me- 
chanical resonator. A straightforward way for achieving 
stationary and robust entanglement in continuous vari- 
able (CV) optomechanical systems, is to choose an oper- 
ating point where the cavity is intensely driven so that 
the intracavity field is strong [5] . Under these conditions 
it is appropriate to focus onto the linearized dynamics of 
the quantum fluctuations around the semiclassical fixed 
points. For this purpose, one can write a — ag -\- Sa, 
b ^ /3g + Sb, p = ps + 6p, and q = Qs + Sq and insert 
them into Eqs. (l8])-((8]). The fixed points are obtained by 
setting the derivatives to zero, getting 
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where Ac = Aqc - Goc9s and A^ = Aqu, - G^^qs de- 
scribe the effective detuning of the optical and microwave 
cavities field, respectively. When both the optical and 
microwave intracavity fields are intense, la^l ^ 1 and 
|/?s| ^ 1, one can safely linearize the dynamics around 
the steady state and obtain the following linear QLE for 
the quantum fiuctuations of the tripartite system 

5q ~ (^ni^p, (21a) 

Sp = -ujmSq - 7„i5p + GQcas{Sa^ + Sa) 

+Go„A(<55t+,56)+e, (21b) 

5d = —{kc + iAc)6a + iGocCtsSq + ^J^KcO-im (21c) 
8b = -{hu, + iA^u)Sb + iGo^l^sSq + V^K^bin , {2ld) 

where we have chosen the phase references so that as and 
Ps can be taken real and positive. 



IV. CORRELATION MATRIX OF THE 
QUANTUM FLUCTUATIONS OF THE SYSTEM 

The interaction of the optical and microwave field with 
the mechanical resonator is able to generate CV entan- 
glement, i.e., quantum correlations between appropriate 
quadratures of the two intracavity fields and the posi- 
tion and momentum of the resonator. For this reason 



field fluctuation quadratures 5Xc = {Sa + 5a^)/\/2 and 
5Yc — {6a — 5a'^)/i^/2, the microwave cavity field fluctu- 
ation quadratures 5X^ = {5b + 5h^)/\/2 and 5Yyj = {5b — 
6b')/iV2, and corresponding Hermitian input noise oper- 
atorsX^" = {da,n + 6alj/V2, SY^" = {6a„,-Salj/iV2, 
Xi" = (56„ + 5bl)/V2, SY^" = {Shn - Sbl)/iV2. The 
linearized QLE become 

6q = uJmSp, (22a) 

Sp = -LOrnSq - 7,„p + GcSXc + G^SX^ + ^, (22b) 

5Xc = -KcSXc + AcSYc + V^X'J\ (22c) 

SYc = -kJYc - AcSXc + GcSq + V2J^Y^'\ (22d) 

6X^ =. -K^SX^ + A^SY^ + V2^X!j;, (22e) 

SY^ = -K^SY^ - A^6X^ + G^Sq + V2^Y^''{22i) 

where 
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are the effective coupling of the optical and microwave 
cavity fluctuations with the MR. The Eqs. (22 1 can be 
written in the following matrix form 



'i{t) = Au{t) + n{t), 



(25) 



where u^(i) = [dq{t),Sp{t),SX,{t),SY,{t),SX^{t),6YUt)] 
(the superscript T denotes the transposition), n'^{t) = 

/2;^r™],and 
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(26) 



If all the eigenvalues of the drift matrix A possess neg- 
ative real parts, the system is stable and reaches a 
steady state. The stability conditions can be explic- 
itly derived e.g., by means of the Routh-Hurwitz crite- 
ria j25| . whose explicit expression is however quite cum- 
bersome and will not be reported here. Due to the 



it is convenient to rewrite Eqs. (21 1 in terms of the OC 



Gaussian nature of the quantum noise terms in Eq. ( 25 ) 
and the linear dynamics, the steady state of the quan- 
tum fluctuations of the system is a CV tripartite Gaus- 
sian state, completely characterized by the 6x6 cor- 
relation matrix (CM) with corresponding components 
Vij = (wi(oo)uj(oo) + Uj{(X})ui{oo))/2. When the sys- 
tem is stable such a CM is given by 

/•OO /"OO 

^^3 =Y. ^W ds'M,k{s)Mji{s')<!>ki{s - s'), (27) 



where M{s) = exp(As) and ^ki{s — s') = {nk{s)ni{s') + 
'ni{s')nk{s)) /2 is the matrix of stationary noise cor- 
relation functions. The noise term, ^(i), is not 6- 
correlated and therefore does not describe a Markovian 
process. Typicahy, significant optomechanical entan- 
glement is achieved for a very high mechanical qual- 
ity factor, Q = uj,n/"f„i — > oo. In this limit, ^(t) be- 
comes with a good approximation delta-correlated |26| . 
i.e., iamt') + at')m) ^Jlrni^n + l)S{t - f), where 
n = [eyip{huJm/ ksT) — 1]~^ is the mean thermal ex- 
citation number of the resonator. As a consequence, 
^ki{s-s') = DkiS{s-s'), where Dki = Diag[0,7„(2nb-|- 
1) , Kc, Kc, Kw{2N {oj^) + 1), Kw{2N{uju,) + 1)], is the diffu- 
sion matrix, so that Eq. (27) becomes 
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dsM{s)DM^{s). 
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When the system is stable M{oo) = and Eq. (28 1 is 



equivalent to the following Lyapunov equation for the 
steady-state CM 



AV + VA^ = -L>, 



(29) 



which is linear in V and can be straightforwardly solved. 
However, its explicit solution is cumbersome and will not 
be reported here. 

We are interested in the entanglement properties of 
the steady state of the tripartite system under study and 
therefore we shall focus onto the entanglement of the 
three possible bipartite subsystems that can be formed 
by tracing over the remaining degree of freedom. Such 
bipartite entanglement will be quantified using the loga- 
rithmic negativity |27j . 



Ejsi = max[0, — ln2?7 ], 



where rj 
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1/2 



S(Hp) - VS(Vtp)2 - 4detl4p 
the lowest symplectic eigenvalue of the partial transpose 
of the 4x4 CM, Vbp, associated with the selected bipar- 
tition, obtained by neglecting the rows and columns of 
the uninteresting mode, 



Vbp -[ c'^ B' 



and S(Hp) = det-B + deiB' - 2detC. 



(31) 



V. RESULTS 

The results are shown in Figs. 2 and 3, where we study 
the dependence of the three possible bipartite entangle- 
ment at the steady state of the system versus the de- 
tuning of the microwave cavity and for different values 
of the temperature and of the mass of the mechanical 
resonator. As suggested in the introduction, we have as- 
sumed an experimental situation representing a feasible 



extension of the scheme of Ref. [20], i.e., we have as- 
sumed a lumped-element superconducting circuit with a 
free standing drum-head capacitor which is then opti- 
cally coated to form a micromirror of an additional op- 
tical Fabry-Perot cavity. We have taken parameter anal- 
ogous to that of Ref. [2^ for the MC and MR, that is, 
a MR with w„,/27r = 10 MHz, Q = 5 x 10^, and a MC 
with a;u,/27r = 10 GHz, n^ = 0.02a;m, driven by a mi- 
crowave source with power P^ = 30 mW. The coupling 
between the two is determined by the parameters d = 100 
nm, /i — 0.008. We have considered a lower mechanical 
quality factor, and resonator masses between tti = 10 ng 
and m = 100 ng, i.e., higher than that of Ref. [2U], in 
order to take into account the presence of the coating, 
which typically worsens the mechanical properties. We 
have then assumed an OC of length L = 1 mm, damp- 
ing rate Kc — O.OBwm, driven by a laser with wavelength 
Aoc — 810 nm and power Pc = 30toM^. The optical cav- 
ity detuning has been fixed at Ac = LJm which turns out 
to be the most convenient choice (see below). 

Fig. 2 shows the three bipartite logarithmic negativi- 
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(dotted red line) as a function of the normalized mi- 
crowave cavity detuning A^/wm at fixed temperature 
T = 15 mK, and at three different MR masses: to = 10 
ng (a), TO = 30 ng (b), to = 100 ng (c). We see that 
for increasing masses the three kind of bipartite entan- 
glement decrease overall, because by increasing masses, 
both couplings Gc and G^ decrease. However the three 
logarithmic negativities do not behave in the same way 
and entanglement sharing is evident. In particular the 
entanglement of interest, i.e., SJ^^, increases at the ex- 
pense of the optical-mechanical entanglement, while i?]^™ 
remains always non-negligible. Another relevant feature 
(which we explain in the following) are the double peaks 
of Ef]'^ and Efj™", which however tends to merge for larger 
masses, i.e., smaller couplings. 

The stability conditions are always satisfied in the 
chosen parameter regime, which corresponds to a sit- 
uation where the red-detuned cavity field (the optical 
mode in the present case) is coupled more strongly to 
the resonator than the blue-detuned field (the microwave 
mode), because instability is achieved easier in the blue- 
detuned case [5]. 

Fig. 3 instead shows the log-negativity of the three 
bipartite subsystems (OC-MC full black hne, OC-MR 
dotted red line, MC-MR dashed blue hne) versus the 
normalized microwave cavity detuning Au,/wm at fixed 
resonator mass to = 10 ng, and at three different tem- 
peratures: T = 100 mK (a), T = 200 mK (b), T = 250 
mK (c). As expected, the three kinds of bipartite entan- 
glement decrease at increasing temperatures, and even 
if nonzero, the log-negativity is already quite small at 
T = 200 mK. Also in these plots entanglement sharing is 
evident and one kind of entanglement always increases at 
the expense of the others. More in general, the scheme 
is able to generate appreciable entanglement between the 
optical and the microwave cavity fields, especially at the 




^^ 





-1.2 


-1.0 


-0.8 ^ , -0.6 
Aw/Mm 


0.20 
0.15 
0.10 


ttih y \ 


/ \ 


/ r<^ \ ^^ 




■^^ 


A ' ^*««,^ 


0.05 


X^ ^ 


^ ^ ^^^— 



-1.2 



-1.0 



-0.8 , , -0.6 

Aw/Olm 







0.20 
0.15 
0.10 
0.05 
0.00 



: (a) 




f\ 


^ 


¥ 


4w 


/ 


V 


y\u ^ 



-1.2 



-1.0 



-0.8 , , -0.6 

Aw/K),T| 




0.8. , -0.6 

Aw/COm 



^^ 



0.10 -(c) 1 

0.08- 



0.06- 
0.04- 



0.021X y"""^ 

0.00 \ / N 




-1.2 



-1.0 -0.8, , -0.6 

Aw/ram 



FIG. 2. (Color online) Plot of En of the three bipartite sub- 
systems (OC-MC full black line, OC-MR dotted red line, MC- 
MR dashed blue line) versus the normalized microwave cavity 
detuning A^^/ujm at fixed temperature T = 15 mK, and at 
three different MR masses: 7n = 10 ng (a), m, = 30 ng (b), 
m = 100 ng (c). The optical cavity detuning has been fixed at 
Ac = uim, while the other parameters are ajm/27r = 10 MHz, 
Q = 5 X 10", cj„/27r = 10 GHz, k„ = 0.02tJ™, P„ = 30 mW, 
d = 100 nm, ^ = 0.008, k^ = 0.08a;„, P^ = 30mW. 



FIG. 3. (Color online) Plot of Em of the three bipartite sub- 
systems (OC-MC fuU black line, OC-MR dotted red line, MC- 
MR dashed blue line) versus the normalized microwave cavity 
detuning A^/^m at fixed resonator mass m = 10 ng and at 
three different temperatures: T = 100 mK (a), T = 200 mK 
(b), T — 250 mK (c). The optical cavity detuning has been 
fixed at Ac — uJm, while the other parameters are as in Fig. 2. 



expense of the optical-mechanical entanglement, while 
unfortunately the mechanical resonator remains always 
appreciably entangled with the microwave cavity. Simi- 
lar bipartite entanglement dynamics can be observed in 
other alike tripartite system, as the atom-field-mirror sys- 
tem of Ref. j9i and the two cavity optomechanical setup 
of Ref. |28|. 

One can provide an intuitive explanation of the above 
behavior and in particular of the mechanism through 
which the optical and microwave modes gets entangled 
through their interactions with the mechanical resonator. 
It is convenient to move to the interaction picture with 



respect to H^ = hAcU^a + hA^b^b, formally solve the 
dynamics of the MR in Eqs. (21 1, and insert this formal 



solution into the dynamical equations of the two modes. 



One gets the following exact equations 
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is the mechanical susceptibility. These equations show 
that the MR mediates an effective retarded interaction 
between the optical and cavity modes which may origi- 
nate various phenomena: i) cavity frequency shifts and 
single mode squeezing for both modes; ii) excitation 
transfer between the two modes; iii) two-mode squeez- 
ing between optical and microwave photons. One can 
resonantly select one of these processes by appropri- 
ately adjusting the cavity detunings. In particular, if 
we choose opposite detunings Ac = — A„, = A ~ aj„i, 
and assume the regime of fast mechanical oscillations, 
A ~ uj,n ^ Gc, Gyj,Kc: ^w, which allows us to neglect the 
fast oscillating terms at ~ ±2A in the above equations, 
single mode squeezing and excitation transfer terms be- 
come negligible and Eqs. (32) can be written as 



Sa = -KcSa + ^/2K^ain{t) + 7^ dsxtiit - s) \Gci{s) 
+GlSais) + GrGu^Sb^s)} , (34a) 

Sb ^ -K.^Sb + V2i^kn{t) + ^ I dsxtiit - s)* {G^i^^is) 
+Gl5b{s) + G,G^5a\s)], 



(34b) 



where we have redefined the noise terms ^(t) — (,{t)e 



lAt 



(t) = a,„(t)e''^=*, 6„(t) - b,n{t), 



iA„,t 



, and also 



Xm(0 = XM(i)e''^*. These equations show that apart 
from noise terms and frequency shifts, the two modes 
undergo a retarded parametric interaction with a time 
dependent coupling kernel GcGwXmW/'^- This para- 
metric interaction is resonantly large when A ~ ujm 
because when this condition is not satisfied the kernel 
rapidly oscillates and the interaction tends to average 
to zero. Therefore for not too large Gc and G^, one 



expects to find optical-microwave entanglement around 
Au, = —Ac = ojrm as it is evident in Fig. 2c correspond- 
ing to a larger mass and therefore smaller couplings. For 
smaller masses, the rotating-wave argument above starts 
to be less valid, but one expects that the "resonance" 
condition for entanglement A^ — —Ac is replaced by a 
condition A^, — — A-t, where X± are the two eigenval- 
ues corresponding to normal-mode splitting [25], i.e., to 
the splitting of the two degenerate eigenvalues which are 
equal to Ac = w^ in the limit of very small couplings. 
This normal-mode splitting phenomenon explains there- 
fore the double-peak structure of the optical-microwave 
entanglement appearing at smaller masses. 



VI. CONCLUSIONS 

We have proposed a scheme for the realization of a hy- 
brid quantum correlated tripartite system formed by an 
optical cavity and a microwave cavity, both interacting 
with a mechanical resonator. We have studied its dy- 
namics adopting a QLE treatment. We have focused on 
the steady state of the system and in particular on the 
stationary quantum fluctuations of the system, by solv- 
ing the linearized dynamics around the classical steady 
state. We have seen that in an experimentally accessible 
parameter regime, the steady state of the system shows 
bipartite CV entanglement for all the possible bipartite 
subsystems. In particular the MR is able to mediate the 
realization of robust stationary (i.e., persistent) entangle- 
ment between the optical and microwave cavity modes, 
which could be extremely useful in quantum informa- 
tion network in which light modes are used for quantum 
communications, and microwave cavities are used in the 
nodes for interfacing with solid-state qubits. In fact, in 
quantum networks one often needs to transfer and store 
states carried by light modes into local quantum pro- 
cessors, which are typically manipulated by microwave 
fields. The hybrid device discussed here, thanks to the 
mediating action of the MR, allows to establish a robust 
and stationary entanglement between the optical and mi- 
crowave fields which can be exploited for such a state 
transfer. For example, high-fidelity state transfer from 
an optical field onto the intracavity microwave field can 
be realized by implementing a CV teleportation protocol 
in which the input optical field and the optical cavity field 
are subject to homodyne measurements and the result of 
this measurement is fed-forward to the microwave cavity, 
where it is used for conditionally displacing its state. The 
present values of Ef^, even if not large, allows to achieve 
teleportation fidelities larger than those achievable with 
only classical means (see for example [30l[3T] l. 
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